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1. Introduction. Notations. Statement oe problem. 


A. Matrix dilation in Lebesgne-Riesz spaces. 

Let here X = equipped with Borelian sigma-held and with Lebesgue measure dx 
and let / : —)■ i? be some (measurable) function belonging to the space Lp{R), p > 1. 
The norm of a function / this space will be denoted as ordinary 


\f\Lp = 


def 


\f{x)f dx 


1/p 


Ux 

Let also A be non degenerate: det(A) 7 ^ 0 linear (homogeneous) map (matrix) acting 
from R to R. 

Dehne a matrix dilation, or compression, in the terminology of an article [33], operator 
of a form 


VaU] = f{Ax). 
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( 1 . 1 ) 
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Obviously, 


\VA[f]\;= [ \f{Ax)\Pdx=[ \det{A)\-^\f{y)\Pdy = 
jR'i jRd 

|det(A)|-^ l/l^, 

or equally 

|V' 4 |/]lp=|det(/l)|-'-'>’|/|„. (1.2) 

In particular, if c? = 1 and following Va[/](x) = f {A ■ x), A = const ^ 0; then Va[-] is 
the classical dilation operator, and we have 

ln.[/llp=l^r''n/lp- (l-2a) 

The last equalities (1.2) (and (1.2a)) may be rewritten as follows. Note that the fun¬ 
damental function (j){Lp{R'^),S) of the Lp{R'^) space has a form 

(j){Lp{R‘^),S) = 6^^P,6e ( 0 ,cx)). 

At the same result is true for arbitrary Lebesgue-Riesz space Lp, 1 < p < oo constructed 
over any measure space equipped with diffuse measure, see [T], chapters 1,2. 

Recall that for arbitrary rearrangement invariant space (S', || • US') (over R'^ or arbitrary 
another measure space with diffuse measure) the fundamental function 0(S', 5) is dehned 
as follows 


0(R,h):=||/z,(-)||S, 

where Id{-) denotes an indicator function of a measurable set D and mes(Zl) = S, 6 E 
[0,oo]. 

So, 


\VA[f]\Lp = (l){Lp,\detA\-^) ■ \f\Lp (1.3) 

or equally 

WVAifMLp -E Lp) = cl>{Lp, I det A|-1). (1.3a) 

B. Matrix dilation in weighted Lebesgue-Riesz spaces. 

Let |x|, X E R'^ be arbitrary (complete) norm in the whole space R'^, for instance, the 
classical Euclidean, and let ||A|| be correspondent matrix norm: 



Oj^xeR<i 


\Ax 

|x| 




so that \Az\ < ||A|| • \z\^z E R'^. 

Let also a = const > 0 and be weight measure defined on the Borelian sets on 

R'^ : 


ya{D)=^ [ \x\^dx. 
J D 
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The correspondent for the space Lp^a norm for the function f : ^ R will be denoted 

by I/Ip,a : 


l/l^,«:=/ \f{xW\xrdx. 

We deduce 

l^^[/]lp,a = / l^^r dx = I detyl|“^ [ \f{y)\^ |^“^ 2 /r dy < 

J R<^ jR'i 

|detyi|-^ I|yi-/|“ [ |/(i/)ni/|“d 2 / = |detyi|-i ||yi-^||“ |/|p„; 
jRd 

|v:4[/]|p,a< |detyl|-Vp ||yl||-“/p 

or equally 

||f"A||(i:p,a ^i:p,a) < |detyl|-'/^ \\A\\-^/^. (1.4) 

Equivalent form: 

||K 4 ||(f^p,a ^ Lp^.) < 0 (f^p,a, I det(yl)|-i • ||yl||-“) . (1.5) 

If for example the matrix A is diagonal: A = diag(Ai, A 2 ,..., A^), and following | det A\ = 
njA. I, then the relation (1.4) can be transformed as an equality: 

||I 4 ||(Lp,„^Lp,„) = |detAl|-b+“)/p, detAl^O. (1.6) 

In particular, if A*, = A = const 7 ^ 0, /c = 1, 2,..., d then 

IIK4||(l,,„^l,,j = |a|-‘(‘+“)V (1.7) 

Our purpose in this short article is investigation of these operators in Grand 
Lebesgue Spaces (GLS), as well as in its multivariate anisotropic version 
AGLS. 

We set ourselves a goal to derive the sharp estimates for the norms of these 
estimates, similar to the estimates (1.2), (1.7). 

Analogous statement of this problem for another Banach spaces, namely: Lorentz, 
Orlicz, Marcinkiewicz etc. closed relatively as a rule with computation of the so-called 
Boyd’s and Shimogaki etc. indices and as a consequence with application in turn in the 
theory of operators interpolation, theory of Fourier series in the one-dimensional case 
d = 1 see, e.g. in monograph and articles [T], chapter 7; [25], [26], [28], [31], [3l], [33] etc. 

The immediate predecessor of offered article is the authors preprint [31], where are 
obtained an upper bounds for the norms of dilation operators acting in these spaces in 
the one - dimensional case. 

Another operators acting in GLS spaces: Hardy, Riesz, Fourier, maximal, potential, 
composition etc. are investigated, e.g. in [5], [12], [13], [H], [23]. 
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2. Grand Lebesgue Spaces (GLS). 


We recall first of all here for reader convenience some definitions and facts from the 
theory of GLS spaces. 

Recently, see 0,0,01,0, i, 0,0,0, iiDi, mi etc. appear the so-called Grand 
Lebesgue Spaces GLS 


= G = Gi^ip] a]h)] a;b = const; a > 1, b < oo 
spaces consisting on all the measurable functions f : X ^ R with hnite norms 


ll/IIGW 


sup 


\A 


( 2 . 1 ) 


P.M) im. 

Here 'ip = 'ijj{p), p E (a, b) is some continuous positive on the open interval (a; b) function 
such that 


inf '^(p) > 0 . 

pe(a;b) 

We dehne formally ^(p) = -|-oo, p ^ [a, 6 ]. 

We will denote 

supp(V’) (a; b). 

The set of all such a functions with support supp('^) = {A,B) will be denoted by 

These spaces are non-trivial, are rearrangement invariant; and are used, for example, 
in the theory of Probability, theory of Partial Differential Equations, Functional Analysis, 
theory of Fourier series. Martingales, Mathematical Statistics, theory of Approximation 
etc. 

They does not coincide in general case with classical rearrangement invariant spaces: 
Lorentz, Orlicz, Marcinkiewicz etc., see 0 , ra. i. 1221 . 

Notice that the classical Lebesgue - Riesz spaces Lp are extremal case of Grand Lebesgue 
Spaces; the exponential Orlicz spaces are the particular cases of Grand Lebesgue Spaces, 

see [H], [T2] . 

Let a function / : X —)■ i? be such that 

3(a, b) : 1 < a < b < oo Vp G (a, 6) |/|p < oo. 

Then the function -0 = ijj{p) may be naturally dehned by the following way: 

■= l/lp, P e {a,b). 

Recall now that the fundamental function 4>{Gt, ^), 0 < 5 < p{X) for the Grand 
Lebesgue Space Gt may be calculated by the formula 

■ ■ 

(P{Gt, 5) = sup —- . 

p£(a,b) \_'^\P) _ 

This notion play a very important role in the theory of operators, Fourier analysis etc., 
see [1]. The detail investigation of the fundamental function for GLS is done in 0 , n. 
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3. Main result: the norm oe matrix dilation operator on GLS. 


Let the measurable function f : ^ R he such that there exists a function '0(-) from 

the set \h(a, 6 ),l < a < b < oo for which / G G'^{a,b). For instance, the function ip{-) 
can be picked as a natural function for the function / : 'ip{p) := \ f\p, if of course the last 
function is hnite for all the values p from some non-trivial interval (a, b). 

Suppose the function has a form 

^(p) = 774, P e (a,6), ( 3 . 0 ) 

C(p) 

where both the functions C(') belong also to at the same set G'^{a,b). 

Theorem 3.1. Assume (in the notations of the hrst two sections) det(A) 7 ^ 0. Then 

IIVi[/ll|G!/<,>(GC,|det(/l)|-‘) ||/||Gi/>. (3.1) 

and the last estimate is in general case non-improvable. 

Proof. We can and will suppose without loss of generality ||/||G'0 = 1. Then 


\f\p < ^{p), P e (a, 6 ). 

We use the inequality (1.2): 

I^a[/]Ip = I det(A)|"^/^’ \f\p < I det(A)|“^/^’ i/>(p), 

or equally 

IK4|/]I, ^ |det(/l)|--/- 

-'(p) - C(P) ' ' ' ' 

Let us take the supremum over p G (A, B) from both the sides of the last inequality (3.2), 
taking into account the direct dehnitions of norm and fundamental function for Grand 
Lebesgue Spaces: 

l|V'A[/ll|G!/<,).(GC,|det(yl)|->) =.),(GC,|det(A)|-') ||/||GV>. (3.3) 

Inequality (3.3) becomes an equality if for example '0(p) = |/|p, he. the function 'ip{p) 
is the natural function for the source function /(■). 

This completes the proof of theorem 3.1. 


4. Weight estimates for GLS. 


The notion of Grand Lebesgue Spaces may be easy generalized on the arbitrary measure 
space with sigma-finite measure, see 0-ini etc. Denote for instance 


\\f\\G'ljja'^= sup 

p€(a,b) 


I/I 


p,a 


ii(p) 


(4.0) 


L 'r . 

where as before a = const > 0, '0(-) G T(a, 6), 1 < a < b < oo. 
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Assume again in the notations of the hrst two sections x G det(y4) ^ 0. Let also 
'0(-), C(-) be two functions from the set 'L(a, 6). Introduce the new function u = z/(p) by 
an equality 

z/(p) := V’(p) • C(p); (4.1) 

obviously, the function u = z/(p) belongs also to the set \h(a, b). 

Theorem 4.1. 


\\VA[f]\\Gu^<(j>iGCaAdet{A)\-^ ||A|r“) ||/||G^„, (4.2) 

and the last estimate is also in general case non-improvable, for example when the matrix 
A is diagonal and the function is natural for the function / : 'ip{p) = \ f\p < oo, p G 
(a, 6). 

Proof is alike to one in theorem 3.1. Indeed, let ||/||G'^q, = 1. We the inequality (1.4): 
\VA[f]\p,a<\detA\-^/p ||A||-“/^’ |/U„< |detA|-Vp V'(p), 

or equally 

Kp) " C(p) ■ ^ ’ 

It remains to take the supremum from both the sides of the last inequality (4.3) over 
p : p G (a, 6) : 

||Wi[/]||Gi/„<0(GC«,|det(A)|-' ||A||-“) = </.(Ga,|det(A)|-' ||A||-“) ||/||GV^„, 

Q.E.D. 

5. Main result: dilation operators in mixed (anisotropic) Lebesgue 

SPACES. 

We recall here the definition of the so-called anisotropic (mixed in Bochner’s sense) 
Lebesgue (Lebesgue-Riesz) spaces; see the source work [21]. More detail information 
about this spaces see in the classical books of Besov O.V., Ilin V.P., Nikolskii S.M. [23] . 
chapter 16,17; Leoni G. 1271 , chapter 11; using for us theory of operators interpolation in 
this spaces see in [23], chapter 17,18. 

Let {Xj, Aj, fij), j = 1,2,...,/ be measurable spaces with sigma-finite non - trivial 
measures pj] in the considered in this report case Xj = 

Set 


evidently d = ^j- 

Let also 


X = R<^ = 


P = P = (pi,P2, ••■,P;) 

be /— dimensional numerical vector such that 1 < Pj < oo. 


(5.1) 
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Recall that the anisotropic Lebesgue space consists on all the total measurable real 
valued function / = f{xi, X 2 , ■ ■ ■, xi) = f{x) 

f : ^ R 

with hnite norm \f\p^= 



fii-i{dxi-i) ... 


'Xi 


\f{x)\P^fii{dxi)\ 


\ P 2 /P 1 



^/pi 


Note that in general case |/|pi,p 2 7 ^ \f\p 2 ,pi, but \f\p^p = \ f\p. 

Observe also that if f{xi,X 2 ) = gi{xi)-g 2 {x 2 ) (condition of factorization), then |/|pi,p 2 = 
Ifi'ilpi ■ \g 2 \p 2 , (formula of factorization). 


Definition 5.1. Let D be Borelian subset of the whole space and 


g = g = {gi,g2,-;qd) ( 5 . 2 ) 

be d — dimensional numerical vector such that 1 < < cxd. 

We dehne as before as a capacity of a fundamental function the following expression 

=yiM.)||f. (5.3) 

Remark 5.1. Note that in general case d > 2 the value 4>q{D) does not dependent 
only on the volume, i.e. on the measure of the set D. 

Remark 5.2. This notion of fundamental function, or in other words, non-linear 
volume, may be easy generalized on the arbitrary multivariate, for instance, over the 
Euclidean space Banach functional space (L, || ■ ||L) as follows 

MD)'^ WIdOWU (5.4) 

if there exists. 

This function D —)■ 4>l{D) is obviously non-negative and sub-additive: 

n 

(pLi^l^iDk) < ^0L(T>fc), 1 < n < CX). 

k=l 

If the space L coincides with the classical Li ones, then the function D 4>l{D) is 
ordinary sigma additive Lebesgue measure. In the case when L = we return to 

the fundamental function for Lp{R'^) space. 

Remark 5.3. Assume that the set D is direct (Cartesian) product of the (measurable) 
sets Fj : 


D = Fj C 

Since the indicator function is factorable, we deduce by means of the formula of fac¬ 
torization 



( 5 . 5 ) 


MD) = 

J = 1 

As a consequence: in this case the value 4>q{D) dependent only on the ’’individual” volumes 

Let us consider the following important example. Indeed, we claim to compute the 
fundamental function of an ellipsoid relative the norm in anisotropic Lebesgue spaces. 

Some additional notations. 1 = (1,1,..., 1); and for the d — dimensional vector p = 
P = (Pi)P 2 , • • • ,Pd- 2 ,Pd-i,Pd), where d > 2, we dehne its right-hand side truncation 

P(d) = P{d) (P1,P2, • • .,Pd-2,Pd-l)- 

Let a = a = (oi, 02 ,..., Od) be numerical d — dimensional vector with positive entries 
Oj > 0; d = 1, 2,.... Dehne the ellipses (ellipsoids) 


Ea = Ed= lx = {xi,X2,...,Xd)-.'^ 


d 9 

xf 


2 <1 


^ 2 
xf 


Ea{R) = Ed{R) = <x = (xi, X2,...,Xd):^-^<R^>= Er.s, 


. , a; 
1=1 ‘ 


(5.6) 


(5.6a) 


so that the ordinary Euclidean centered unit d — dimensional ball B is equal to the 
ellipsoid B = Ei 1 ^.,. 1 and the ordinary Euclidean centered ball B{R) with radii R is equal 
to the ellipsoid B{R) = 1 i(i?). 


Denote also for simplicity 

0(p,a) = 0^'‘Hp,a) = 4,f(Es ), e{p) = 0(p, 1 ); 

then obviously 


(5.7) 


(p, a) = (p) ■ JJ al'"' = e{p, 1 ) JJ 


1 /Pi 


i=l 


2=1 


and 


(5.8) 


0{p, a-,R)~ (B3(h)) = OM (p) . n a]'”- ■ ■''«. 


2=1 


We derive after some computations d*'^^(pi) = 2^/^L 

0^‘^\pi,P2) =0^^\pi) B^/P^{l/2,l+p2/{2pi)), 
where B{a,/3) denotes usually beta function. 

Moreover, we can deduce the following recurrent relation 


5){rf+i)(^ 

d('^)(p(rf+i)) 

where p G Zi{pi) = 2^/^!, 


— Zd+i{pi,P2, ■ ■ ■ ,Pd,Pd+l) — Zd+l, 


(5.8a) 
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Zd+i{pi,P2, ■ ■ ■,Pd,Pd+i) Q’ ^ + 


2 \Pl P2 Pd 


(5.9) 


Therefore 


0^'^\puP2, ...,Pd) = Zi{pi) ■ Z 2 {puP 2 ) ■ ... Zd{puP 2 , ...,Pd) = 


def 


= W,ip^,p2,...,Pd) = W,ip}. 

For instance, 

0^^\p, q, r) = 2^/P 1 + q/{2p)) B^l\ll2,1 + (r/2)(l/p + 1/g)), 


(5.10) 


Q^‘^\p,q,r,s) = 0^^\p,q,r) ■ i?^/^(l/2,1 + (s/2)(l/p+ l/q + 1/r)) 


etc. 


Correspondingly 


d 

e{p,a-R) := <Pp{E,^r)) = W^,){p) ■ (S-H) 

i=l 

Remark 5.4. It is easily to verify that when a = p = 1, the expression (5.11) gives 
the Euclidean volume of d — dimensional ball with radii R. 

Remark 5.5. Obviously, the expression for 6{p,a]R) does not dependent from the 
center of our ellipsoid. Namely, the fundamental function of the non-centered ellipsoid of 
the form 


Ea = ja; = (a;i,a;2, ...,Xd):Yl 

is at the same as in the case when x° = Q. 

Remark 5.6. It is no hard to calculate the fundamental function for parallelepiped 
Q = Q{xl, a;2 ,..., x°^- x? + di, x °2 + 82 ,... ,x°^ + 5d) = 

{x : x^j < Xj < a;" + 8j G (0 , cxd). 

We conclude using the fact that the indicator function Iq{x) is factorable 

i=i 

A. Anisotropic Lebesgue-Riesz spaces. 

Let us return to the announced problem of calculation of the norm of multivariate 
dilation operator in the mixed (anisotropic) Lebesgue spaces. Namely, 
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I 

= d, 

i=i 

p = p = {pi,P2,...,Pi), Pi > 1 . 

Let also A = A = {Ai, A 2 ,..., Ai), where Aj : —)■ i?™! are linear non - degenerate 

det(Aj) 7 ^ 0 operators (matrices), so that A is matrix tensor. 

Let also f{x) = f{xi,X 2 ,...,xi), Xj G be measurable function from the anisotropic 
space L^. We consider the following tensor dilation operator 

^xlf] ^ 2 X 2 ,..., Aixi). (5.12) 

Denote 

i 

A.(l) = JJ I det Aj\-^/PK (5.13) 

i=i 

Proposition 5.1. 

iril/ll^S A^i) l/U (5.14) 

where the equality is attained if for example, the function /(•) is factorable: 

i 

fix) = Y[9j{xj), Qji-) e Lp.{R^^). (5.15) 

i=i 

B. Anisotropic Grand Lebesgue-Riesz spaces. 

Let Q be convex (bounded or not) subset of the set ( 8 )^-^^[l, cx)]. Let V’ = 'fif^ be 
continuous in an interior of the set Q strictly positive function such that 

ini ij{p) > 0 ; iniJj{p) = 00. 
pgqo ptQ° 

We denote the set all of such a functions by d'(Q). 

The Anisotropic Grand Lebesgue Spaces AGLS = AGLSfifj) space consists by dehni- 
tion on all the measurable functions 

/ : R^) R 

with hnite (mixed) norm 


WfWAGLStli = sup 

pGQ° 


' I/Ip ' 

Mp). 


(5.16) 


These spaces appear (and investigated) at hrst (perhaps) in the articles [13], [32]; therein 
are described also some possible its applications. 


As before, the (multivariate) fundamental function (pAGLS^iD), D G R'^ in these space 
can be dehned as follows: 
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4>agls 4D) = \\lD\\AGLSij. (5.17) 

Assume again that the set D is direct (Cartesian) product of the (measurable) sets Fj : 

D = Fj c 

Assume in addition that the function iplp) is factorable: 

i 

j=i 

and that the domain G is also factorable: 

G = Gj C 

Since the indicator function Id is also factorable, we deduce by means of the formula 
of factorization 


g 

4>AGLSij{D) = Y\_^AGLSijj{Fj). (5.18) 

J=1 

In order to formulate (and prove) the main result of our report, we need to introduce 
some new preliminary notations. 

5, :=|detA,|-'/”^^ j = l,2 ,...,/; 

Kp := CiJO, 5,], K = K{m,p) := ' 

so that the set is a cube of the volume (measure) |detAj|“^ in the correspondent 
space 

Let further the functions ijj = ip{p), C = ({p), p & D he two functions from certain non 
- trivial domain tl'(71). Dehne a new functions from this class tl'(71) 

iy{p) = ipip) ■ C{p). 


Theorem 5.1. 


WVAmGv < 4'(GC,K(m,p)) \\f\\Gi>, (5.19) 

and the last estimate is also in general case non-improvable, for example when the matrix 
tensor A is diagonal and the function ip{-) is natural for the factorable function / : ip{p) = 
\f\p< oo, pe D. 

Proof. Of course, we can and will suppose without loss of generality / G Gip] in 
opposite case it is nothing to prove. Moreover, it is reasonable to assume ||/||G'^ = 1. 
Then 


We use the inequality (5.14): 


I/Ip < ^(^, peD. 
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\Vx[f]\p < Ap{A) \f\p<Aj^{A) peD, 

or equally 


» < (5.20) 

u{p} C{p) 

Let us take the supremum over p ^ D from both the sides of the last inequality, taking 
into account the direct dehnitions of norm and fundamental function for Anisotropic 
Grand Lebesgue Spaces: 


11 Va[/] \\Gu < 0(GC, K{m, p}) = cj>{GC K{rn, p)) 11/| 


(5.21) 


Q.E.D. 


6. Concluding remark. Examples and counterexamples. 

A. An example. 


Let ua show that the condition det(A) 7 ^ 0 in the theorem 3.1 (and in another ones) is 
essential. Let / = f{x,y), {x,y) G be measurable non-negative factorable function 

f{x,y) = g{x) ■ g{y), 

where g{-) G Lp{R), limy^o g{y) = 00 , and consider the linear degenerate operator A 
(matrix 2 x 2 ) such that A{x,y) = (x, 0 ), so that 

f{A- {x,y)) := /(x, 0 ). 

So, the operator A is the coordinate projections. 

Evidently, /(•, •) G Lp{R^), but 

f{A{x,y)) = /(x,0) ^ Lp{R^). 

Note that the coordinate projections on matrix weighted Lp — spaces, for instance, 
Hilbert’s transform is investigated in the recent article [29] . 

B. Particular case: Exponential Orlicz spaces. 


It is known, see 0. in, 0.1221. that the so-called exponential Orlicz’s spaces, for 
example, the Orlicz’s spaces with correspondent Young function 

<h(M) = — 1, X,G = const > 0 

are particular case of Grand Lebesgue Space with correspondent V’ = — function, for 

example, 

V’#(u(p) := P > 1- 

Therefore, the theorem 3.1 may be applied to these Orlicz spaces. 

See also [15], [16], [H] etc. 
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The correspondent fundamental function 5) is calculated and estimated in HU. 

C. Periodical case. 

At the same results may be derived in the case when X = (— 7 r, 7 r)'^ (case of torus), 
where the algebraic operations are understood mod (27r); or more generally when 

X = (-TT, ® di, d 2 = 1, 2,- 

D. Example to the third section. 


Let us consider the Gip — space G = G{a, h] a, /3) over real line R with the following 
ijj — function 


-0 = 'il:{a;aR;p) = {p - a) p G (a, h); 

Yip) = i>ia-,aR-,p) =pY P G (/i, oo), 

where 

a, (3 = const > 0, a = const > 1, 

the value h = h{a, a, (3) > a is the unique positive solution of an equation 

(h-a)-“ = hY 

so that the function p — >• 'il^ip), p G (a, cxd) is continuous. 

This space does not coincides with the known rearrangement invariant spaces: Lorentz, 
Orlicz, Marcinkiewicz etc., see i, ra, ini.jsi, m 

The correspondent fundamental function 0(h) = 0((a; a, f3, h) obeys a following asymp¬ 
totical behavior: 


0 (h) |lnh|-^, h^ 0 +; 

( 2 \ ^ 

Y_Y.\ (hlh)“", h —)■ oo. 


see [TT] . 

It remains to apply the inequality (3.3). 

E. Possible generalisations. 


It may be investigated analogously to the 5*^ section the multivariate weight case as 
well as the affine linear non-centered transform of the form 

/ ^ fiA-x + b). 

F. About compactness of dilation operator. 
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Of course, in general case the dilation operator Vh[-] acting from one GLS to suitable 
ones, is non- compact, even in the very simple case A = I — unit operator: Va[/] = /• 
Let us consider an opposite case. We borrow the notations, conditions and proposition 
of theorem 3.1. 

Let also iJii-), '02(‘) be two function from the set \l'(a,6), 1 < a < 6 < oo. We recall 
the following relation dehnition: 

V'l « -02 ^ lim = 0, 

d2(p)^oo 'IP2\P) 

see 0. P]. It is proved in these articles that in this case the GLS space is compact 
embedded in the space G'^ 2 - 

We deduce as a slight corollary: let the new function 6 = 6{j)) from this set \b(a, h) be 
such that 9{-) « v{-). Then we derive under conditions of theorem 3.1 that the operator 
Va[-] acting from the space Gip into the space G9 is compact. 
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